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Abstract. This paper presents an efficient approach for supporting decre-
mental learning for incremental proximal support vector machines (SVM).
The presented decremental algorithm based on decay coefficients is com-
pared with an existing window-based decremental algorithm, and is shown
to perform at a similar level in accuracy, but providing significantly bet-
ter computational performance.

1 Introduction

Support Vector Machines (SVMs) is an exceptionally efficient data mining ap-
proach for classification, clustering and time series analysis [5, 12, 4]. This is
primarily due to SVMs highly accurate results that are competitive with other
data mining approaches, e.g. artificial neural networks (ANNs) and evolution-
ary algorithms (EAs). In recent years tremendous growth in the amount of data
gathered (e.g. user clickstreams on the web, in e-commerce and in intrusion de-
tection systems), has changed the focus of SVM classifier algorithms to not only
provide accurate results, but to also enable online learning, i.e. incremental and
decremental learning, in order to handle concept drift of classes [2, 13].

Fung and Mangasarian introduced the Incremental and Decremental Linear
Proximal Support Vector Machine (PSVM) for binary classification [10], and
showed that it was able to be trained extremely fast, i.e. with 1 billion examples
(500 increments of 2 million) in 2 hours and 26 minutes on relatively low-end
hardware (400 MHz Pentium II). This has later been extended to support effi-
cient support of incremental multicategorical classification [16]. Proximal SVMs
has also been shown to perform at a similar level of accuracy as regular SVMs
and at the same time being significantly faster [9].

In this paper we propose a computationally efficient algorithm that enables
decremental support for Incremental PSVMs using a weight decay coefficient.
The suggested approach is compared the current time-window based approach
proposed by Fung and Mangasarian [10].



2 Background Theory

The basic idea of Support Vector Machine classification is to find an optimal
maximal margin separating hyperplane between two classes. Support Vector
Machines uses an implicit nonlinear mapping from input-space to a higher di-
mensional feature-space using kernel-functions, in order to find a hyperplane of
problems which are not linear separable in input-space [7, 18]. Classifying multi-
ple classes is commonly performed by combining several binary SVM classifiers
in a tournament manner, either one-against-all or one-against-one, the latter
approach requiring substantial more computational effort [11].

The standard binary SVM classification problem with soft margin (allowing
some errors) is shown visually in Fig. 1(a). Intuitively, the problem is to maximize
the margin between the solid planes and at the same time permit as few errors
as possible, errors being positive class points on the negative side (of the solid
line) or vice versa.
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(a) Standard SVM
classifier
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Fig. 1. SVM and PSVM

The standard SVM problem can be stated as a quadratic optimization prob-
lem with constraints, as shown in (1).

min
(w,γ,y)∈Rn+1+m

{ve′y + 1
2w′w}

s.t. D(Aw − eγ) + y ≥ e
y ≥ 0

(1)

A ∈ Rm×n, D ∈ {−1,+1}m×1
, e = 1m×1

Fung and Mangasarian [8] replaced the inequality constraint in (1) with an
equality constraint. This changed the binary classification problem, because the
points in Fig. 1(b) are no longer bounded by the planes, but are clustered around



them. By solving the equation for y and inserting the result into the expression
to be minimized, one gets the following unconstrained optimization problem:

min
(w,γ)∈Rn+1+m

f(w, γ) = ν
2‖D(Aw − eγ)− e‖2 + 1

2 (w′w + γ2) (2)

Setting ∇f =
(

∂f
∂w , ∂f

∂γ

)
= 0 one gets:

(
w
γ

)
︸ ︷︷ ︸
X

=
(

A′A + I
ν −A′e

−e′A 1
ν + m

)−1 (
A′De
−e′De

)
=

(
I

ν
+ E′E

)−1

︸ ︷︷ ︸
A−1

E′De︸ ︷︷ ︸
B

(3)

E = [A− e], E ∈ Rm×(n+1)

Agarwal has showed that the Proximal SVM is directly transferable to a ridge
regression expression [1]. Fung and Mangasarian [10] later showed that (3) can
be rewritten to handle increments (Ei, di) and decrements (Ed, dd), as shown
in (4). This decremental approach is based on time windows.

X =
(

w
γ

)
=

(
I

ν
+ E′E + (Ei)′Ei − (Ed)′Ed

)−1 (
E′d + (Ei)′di − (Ed)′dd

)
, (4)

where d = De

.

3 PSVM Decremental Learning using Weight Decay
Coefficient

The basic idea is to reduce the effect of the existing (old) accumulated training
knowledge E′E with an exponential weight decay coefficient α.

(
w
γ

)
=

(
I
ν + α · E′

E + Ei
′

Ei
)−1 (

α · E′
d + Ei

′

di
)

; α ∈ 〈0, 1] (5)

As opposed to the decremental approach in expression (4), the presented
weight decay approach does not require storage of increments (Ei

′

Ei , Ei
′

di)

later to be retrieved as decrements (Ed
′

Ed , Ed
′

dd).
A hybrid approach is shown in expression (6), where one has both a soft

decremental effect using the weight decay coefficient α as well as a hard decre-
mental effect using a fixed window of size W increments.



(
w
γ

)
=

(
I
ν + α · E′

E + Ei
′

Ei − αW · Ed
′

Ed
)−1

·(
α · E′

D + Ei
′

Di − αW · Ed
′

Dd
)

; α ∈ 〈0, 1]
(6)

4 Related Work

Syed et al. presented an approach for handling concept drift with SVM [2].
Their approach trains on data, and keeps only the support vectors representing
the data before (exact) training with new data and the previous support vectors.
Klinkenberg and Joachims presented a window adjustment based SVM method
for detecting and handling concept drift [13]. Cauwenberghs and Poggio proposed
an incremental and decremental SVM method based on a different approximation
than used by us [6].

5 Empirical results

In order to test and compare our suggested decremental PSVM learning ap-
proach with the existing window-based approach we created synthetic binary
classification data sets with simulated concept drift. This was created by sam-
pling feature values from a multivariate normal distribution where the covariance
matrix Ω = I (identity matrix) and the mean vector µ was sliding linearly from
only +1 values to −1 values for the positive class case, and vice versa for the
negative class [14], as shown in algorithm 1.

Algorithm 1 simConceptDrift(nFeat, nSteps, nExPerStep, start)
Require: nFeat, nSteps, nExPerStep ∈ N and start ∈ R
Ensure: Linear stochastic drift in nSteps from start to −start
1: center = [start, . . . , start] {vector of length nFeat}
2: origcenter = center
3: for all step in {0, . . . , nSteps − 1} do
4: for all synthExampleCount in {0, . . . , nExPerStep − 1} do
5: sample example from multivar.gauss.dist with µ = center and σ2’s = 1
6: end for
7: center = origcenter · (1 − 2 · step+1

nStep−1
) {concept drift}

8: end for

5.1 Classification Accuracy

For the small concept drift test (20000 examples with 10 features and 40 in-
crements of 500 examples, figure 2(a)), the weight decay of α = 0.1 performs
slightly better in terms of unlearning than a window size of W = 5, and a weight



decay of α = 0.9 performs between unlearning with W = 10 and W = 20, and
the unlearning performance varies quite a bit with α.

For the medium concept drift test (200000 examples with 10 features and
400 increments of 500 examples, figure 2(b)), the value of α matters less, this
due to more increments shown and faster exponential effect of the weight decay
coefficient than in the small concept drift test.

As seen in both figure 2(a) and 2(b), there is “dip” in classification perfor-
mance around their respective center points (increment number ≈ 20 and 200).
This is caused by concept drift, i.e. the features of the positive and negative class
are indiscernible.
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Fig. 2. Classification Accuracy under Concept Drift

5.2 Computational Performance

As shown in figure 5.2 the computational performance (measured in wallclock
time) of the weight decay based approach is almost twice as fast as the window-
based approach except for large windows (e.g. W = 1000). The performance
difference seems to decrease with increasing increment size, this is supported by
the P-values from T-test comparisons. 21 out of 27 T-tests (tables 1-3) showed
significant difference in favor of the weight decay based approach over the window
based approach. Performed T-tests were based on timing of ten repeated runs
of each presented configuration of α, w and increment size.
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Fig. 3. Computational Performance (Long timespan)

w=10 w=100 w=1000

α=0.1 0.00 0.00 0.01

α=0.5 0.00 0.00 0.00

α=0.9 0.00 0.00 0.00

Table 1. P-values for increment size 50 (Comp. Perf.)

5.3 Implementation and Test environment

The incremental and decremental proximal SVM has been implemented in C++
using the CLapack and ATLAS libraries [3, 19]. Support for Python and Java
interfaces to the library is currently under development using the “Simplified
Wrapper and Interface Generator”[15]. A Linux cluster (Athlon 1.4-1.66 GHz
nodes, Sorceror Linux) has served as the test environment.
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6 Conclusion and Future Work

We have introduced a weigth decay based decremental approach for proximal
SVMs and shown that it can replace the current window-based approach. The



w=10 w=100 w=1000

α=0.1 0.00 0.00 0.25

α=0.5 0.00 0.00 0.39

α=0.9 0.00 0.00 0.67

Table 2. P-values for increment size 500 (Comp. Perf.)

w=10 w=100 w=1000

α=0.1 0.00 0.00 0.67

α=0.5 0.00 0.00 0.79

α=0.9 0.00 0.00 0.57

Table 3. P-values for increment size 5000 (Comp. Perf.)

weight decay based approach is significantly faster than the window-based ap-
proach (due to less IO-requirements) for small-to-medium increment and window
sizes, this is supported by simulation and p-values from T-Test.

Future work includes applying the approach on demanding incremental clas-
sification and prediction problems. e.g. game usage mining [17]. Algorithmic
improvements that needs to be done include 1) develop incremental multiclass
balancing mechanisms, 2) investigate the approriateness of parallellized incre-
mental proximal SVMs, 3) strengthen implementation with support for tuning
set and kernels.
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